An analytical solution, based on a higher order shear and normal deformation theory, is presented for the cylindrical flexure of piezoelectric plates. The primary displacement terms are expanded in thickness coordinate and an exact nature of electric potential is obtained in actuator and sensing layers. The electric potential function is evaluated by solving a second order ordinary differential equation satisfying electric boundary conditions along thickness direction of piezoelectric layer. A unidirectional composite plate attached with distributed actuator and sensor layers is analyzed under electrical and mechanical loading conditions and comparison of results with exact solution is presented. Results for non-piezoelectric plates are also compared with elasticity and other solutions of cylindrical bending.
Introduction
Materials with property to change shape and size when electrically charged and the reversal behavior is utilized in the controlling mechanism of the structures. Piezoelectric layers are embedded or attached to the elastic layers in patches or in a distributed form. Such structures are called as smart/intelligent or adaptive structures.
Tiersten [1] defined material constitutive relations of linear piezoelectricity. The equations of linear piezoelectricity are coupled with the charge equation of electrostatics by means of piezoelectric constants. Earlier Mindlin [2] presented approximate theory for the vibrations of piezoelectric plates.
Ray et al. [3] developed exact solutions for a mono-layered piezoelectric polymer polyvinyledene fluoride (PVDF) plate, under electric potential and mechanical loading. Numerical results are evaluated for thick and thin single piezoelectric layer. Ray et al. [4] further established elasticity solutions for smart unidirectional composite plates under cylindrical bending. Heyliger and Brooks [5] also presented exact solutions of plates with two different layers of piezoceramics, two layers of angle-ply piezopolymers and three layers of cross ply piezopolymers under cylindrical bending. Later Saravanos and Heyliger [6] presented a classified review of the analytical solutions presented by various investigators in the mechanics of the laminated piezoelectric structures. Exact plane strain solution for a piezoelectric orthotropic flat panel under mechanical, thermal, and electric loading is obtained by Dube et al. [7] . Shang et al. [8] also obtained exact plane strain solution for piezoelectric layers under thermal excitation. Dumir et al. [9] presented first order Reissner and Mindlin [10, 11] plate (FOST) and classical Kirchhoff plate (CPT) solutions for hybrid plates in cylindrical bending under thermoelectric loading. Vel and Batra [12] used EshelbyStroh formulation to analyze cylindrical bending of laminated composite plate with segmented actuators and sensors for different boundary conditions under dynamic state. Static and dynamic response of adaptive angle-ply laminates in cylindrical bending is studied by Chen et al. [13] using state space approach. Saravanos [14] discussed finite element (FE) formulation based on mixed theory. In this theory, elastic displacements are modeled by equivalent single layer (ESL) theory and electric potential is by layerwise (LW) approach. Similar approach is proposed by Ballhause et al. [15] who have presented statics and dynamics of piezoelectric plates. Piezoelectric plate elements based on Reissner-Mindlin assumptions is presented by Kogl and Bucalem [16] and Carrera [17] . Mannini and Gaudenzi [18] investigated a stress concentration problem in the smart composite using higher order FE model. An iterative FE solution is presented by Gaudenzi and Bathe [19] and is applied in the linear analysis of piezoelectric beam and non-linear analysis of an aluminum cantilever beam attached with piezoceramics. Roccella and Gaudenzi [20] used quadratic variation of electric potential through the thickness suggested by [19] in the formulation of piezoelectric plate model. Gaudenzi [21] developed a higher order beam model and also discussed the edge effect at the free boundary of the adaptive structure.
In this paper, a higher order shear and normal deformation theory (HOST8) is developed for the analytical solution of piezoelectric plates under plane strain condition. Eight degrees of freedom are used to expand primary displacement field whereas exact variation of electric field is obtained in the piezoelectric layers by solving the governing second order ordinary differential equation satisfying electrical boundary conditions in the thickness direction. Results are compared with exact solutions [4] . Kant [22] , Manjunatha and Kant [23, 24] , Kant and Swaminathan [25] , have contributed extensively to the development of higher order shear and normal deformation theories. Recently, Kant et al. [26] developed a novel semi-analytical methodology using mixed variables, by maintaining the fundamental elasticity relations between stress, strain and displacements. The method satisfies the requirements of the through thickness continuity of transverse stresses and displacements. Results are presented for laminates simply supported on all edges and under cylindrical bending. Kant et al. [27] [28] [29] also presented a new partial discretization mixed FE formulation for general laminates with any boundary conditions. Present results for non-piezoelectric plates under plane strain condition are compared with the elasticity [35] , semi-analytical [26, 30] , partial FE [27] [28] [29] [30] and Reissner and Mindlin [10, 11] (FOST) solutions.
Coupled plane strain formulation

Displacement model
A rectangular smart plate structure is shown in Fig. 1 . The length of the plate is denoted by a along x direction and y side is infinite. The geometrical configuration of the plate is such that the thickness dimension is along z direction. The top and bottom layers of the plate are of piezoelectric materials, which act as distributed actuator and sensor. The core of the plate called, substrate, is purely elastic and has any number of elastic layers.
Displacement components u(x, z) and w(x, z) at any point in the plate are expanded in a Taylor's series to approximate the two-dimensional (2D) elasticity problem as a one-dimensional (1D) plate problem in cylindrical bending. The assumed displacement fields are as follows: 
Constitutive equations
The linear constitutive relations for a single piezoelectric layer couples the elastic and electric fields as given below [1] .
Eq. (4) 
where r, C, e, e, E, D and g are, stress vector, elastic constant matrix, strain vector, piezoelectric constant matrix, electric field intensity vector, electric displacement vector and dielectric constant matrix. The elastic constants are expressed in terms of material constants as
The electric field intensity vector E is related to electrostatic potential n in the Lth layer as
The piezoelectric constant matrix [e] and the dielectric matrix [g] for polyvinyledene fluoride (PVDF) commonly known as PVDF polymer are given in [31, 32] and the Maxwell's charge equilibrium equation [33] can be written as
Considering the problem as a plane strain problem, strain quantities in y direction are zero (e y = c xy = c yz = 0). The strain displacement relationship of Eq. (3) becomes
Eqs. (9) and (10) 
where C ij are elastic constants corresponding to plane strain state in x-z plane. The electric displacement vector (D) is also expanded in the following equations with D y = 0 as:
Governing equations of equilibrium
The equations of equilibrium are derived by using the principle of minimum potential energy. In analytical form it can be written as
where U is the total strain energy due to deformation, V is the potential of the external loads and U + V = p is the total potential energy and d is the variational symbol. Substituting the appropriate energy expressions in the above equation, the final expression can be written as
where
is the transverse displacement at top surface of the plate. q þ 0 is the transverse load applied at top of the plate. Integrating Eq. (13) by parts and collecting the coefficients of du 0 ; dw 0 ; dh x ; dh z ; du
, the following equations of equilibrium are obtained:
The two components of stress resultants, in terms of elastic and piezoelectric stress components, are defined by
Eq. (16) defines the total stress resultants, i.e. the addition of elastic and piezoelectric stress resultants. It is to be noted that both elastic and piezoelectric fields are indeed coupled through the constitutive relations (Eq. (4)) and this automatically gives rise to definition of elastic and piezoelectric stress resultants given above by Eq. (15).
Analytical solution
Following are the boundary conditions used for two opposite infinite length simply (diaphragm) supported edges
At edges x ¼ 0 and x ¼ a :
Navier's solution procedure is adopted to compute displacement variables. Displacements, which satisfy the above boundary conditions exactly, can be assumed as follows:
The procedure to obtain through thickness electric potential n m (z) is explained in the following section.
Electrostatic potential
The constitutive relationship between elastic and electric fields is expressed in Eq. (4) and the relationship between electric field intensity vector E and electrostatic potential n is stated in Eq. (6). Substituting Eq. (6) in second of Eq. (4), and expanding electric displacement vector D in x, y and z directions, Eq. (11) is obtained, which represents the relationship between electric displacements, electrostatic potential and elastic strains.
The elastic strains are already described for plane strain state in Eq. (8) . Thus the final form of Eq. (11) will contain higher order terms of elastic displacements.
Following second order ordinary differential equation (ODE) is obtained by substituting the final form of Eq. (11) in 3D charge equilibrium equation given by Eq. (7) g m n 00
where the coefficients of above ODE are
Actuator function: Applying two through thickness electric boundary conditions for actuator layer, first at top interface between substrate and piezoelectric layer, electric potential is zero (z = h/2, n m = 0) and second is, at top of the smart plate, there is a prescribed amplitude of electric potential (z = H/2, n m = V t ), where H is the total thickness of plate and h is thickness of the substrate.
The solution of actuator function is obtained as follows:
Sensor function: Similarly applying two through thickness electric boundary conditions for sensor layer, first at bottom interface, electric potential is zero (z = Àh/2, n m = 0) as Dirichlet boundary condition. The second boundary condition is prescribed at bottom of smart plate, i.e. electric displacement is zero (z = ÀH/2, D z = 0), as Neumann boundary condition. Using above mixed boundary conditions, the solution of sensor function is obtained as follows:
The electric boundary conditions show that the substrate layer is grounded.
Eqs. (19) and (20) give the exact, closed form solution for electrostatic potentials n a m ðzÞ and n s m ðzÞ for both actuator and sensor layers, respectively, in terms of higher order elastic displacements.
The above electrostatic potential satisfies all the boundary conditions, constitutive relationship, which couples the elastic and electric fields and 3D charge equilibrium equation and is thus free from any assumptions.
After the evaluation of electric potential functions, the piezoelectric stress vectors are calculated from Eq. (10) by substituting actuating electric function when voltage is applied. Finally, piezoelectric stress resultants are evaluated from second set of Eq. (15) . Similarly elastic stress vectors and elastic stress resultants are calculated from Eq. (9) and first set of Eq. (15), respectively. Displacements are obtained by solving linear algebraic equations by substituting total stress resultants from Eq. (16) in equilibrium equations given by Eq. (14) . Transverse shearing stress (s xz ) and normal stress (r z ) are evaluated by integrating the equilibrium equations of elasticity as per
os xz ox dz
Numerical results
Results are presented for piezoelectric plate under cylindrical bending simply supported on two opposite infinite edges. The laminate or substrate is unidirectional layer of graphite/epoxy composite, where the piezoelectric material is of PVDF, attached at top and bottom of the unidirectional composite plate functioning as actuator and sensor.
The material properties for an elastic layer and PVDF are as follows.
Elastic 
L and T are directions parallel and perpendicular to fiber direction, respectively, and Table 1 shows the properties of PVDF material [34] . Results are compared with 3D exact solution [4] for piezoelectric plate. For non-piezoelectric plate of a unidirectional orthotropic plate (0 0 ) with fibers oriented in x direction, results are compared and normalized with elasticity solution [35] . Figs. 2a-2d show the results of displacements and stresses for an orthotropic laminate subjected to sinusoidal transverse mechanical load. Reissner and Mindlin [10, 11] (FOST) theory is also parallely formulated to compare the results for non-piezoelectric unidirectional plate under transverse mechanical loading. Table 2 shows the comparison of present theory with elasticity, semi-analytical, partial FEM and FOST solutions.
Figs. 3a and 3b show normalized in-plane displacement (u) under case (i) and case (ii) for a/H = 4 and 10, respectively. The reversal bending of the elastic layer caused by actuator shows the opposite nature of the in-plane displacement. Variation of normalized transverse displacement (w) along the thickness of the thick plate (a/H = 4) is shown in Fig. 4a for both types of loading. Fig. 4b shows more electric potential is required for the reversal bending of thin plate (a/H = 100) and displacement of the thin plate is almost zero for V = 500. Figs. 5a and 5b show through thickness variation of in-plane normal stress (r x ) for a/ H = 4; it show opposite nature of stress at top and bottom of the substrate when subjected to voltage. Normalized Table 2 Comparison with other plane strain solutions of non-piezoelectric unidirectional laminate subjected to transverse singly sinusoidal mechanical load [30] . b Reissner and Mindlin [10, 11] . c Pagano [35] . variation of transverse shear stress (s xz ) subjected to mechanical loading is presented in Fig. 6a . The thickness of piezoelectric layer is small as compared to thickness of elastic layer or substrate, nature of variation is not much affected when compared with elasticity solution of non-piezoelectric plate, illustrated in Fig. 2d . layer is subjected to heavy transverse shear stress at top interface, when subjected to electric loading; the results are in good agreement with exact solution [4] .
Figs. 7a and 7b show normalized transverse normal stress (r z ) for a/H = 4 and 10 for both loading conditions. Induced electric potential at the bottom of the sensor layer is shown in Figs. 8a and 8b for a/H = 100 displaying positive gain and for a/H = 10 it shows negative gain for V = 0 and V = 100, respectively.
Concluding remarks
Higher order shear and normal deformation theory is developed for smart laminated plates under cylindrical bending. The main objective of the analytical solution is to study the effect of electrical potential on piezoelectric plates. A total of eight degrees of freedom in the primary displacement field is assumed. Exact electric potentials in higher order terms of elastic displacement fields are obtained. The results are obtained for displacements, stresses and induced electric potential at bottom of the sensor under mechanical loading with or without application of electric potential. It is seen that present higher order theory predicts results very close to that of exact solution for smart unidirectional plates especially for transverse shear stress and induced electric potential. 
